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The problem of simulating complex quantum processes on classical computers gave rise to the
field of quantum simulations. Quantum simulators solve problems, such as boson sampling, where
classical counterparts fail. In another field of physics, the unification of general relativity and quan-
tum theory is one of the greatest challenges of our time. One leading approach is Loop Quantum
Gravity (LQG). Here, we connect these two fields and design a linear-optical simulator such that the
evolution of the optical quantum gates simulates the spinfoam amplitudes of LQG. Our implemen-
tation reduces the number of photons, needed for simulating the LQG vertex, to one — in a spatial
multiplexing architecture. Thus, it is scalable to multiple number of vertices. This work opens a
new way to relate quantum gravity to quantum information and will expand our understanding of
the theory.
Introduction.—Linear optics promises a great opportu-
nity to implement and execute quantum protocols in or-
der to accomplish quantum technologies; the long coher-
ence time makes linear optics a prominent candidate for
implementing quantum computers [1, 2], the fast mobility
is crucial for quantum communication [3], and the easy
manipulation of the electromagnetic radiation is funda-
mental for quantum sensing [4]. In addition, linear optics
has been shown to be useful for entangled-state prepara-
tion [5] and quantum circuit preparation [6], with ap-
plications to quantum sensing [7] and one-way quantum
computing [8–10].
Simulations of complex quantum systems are inef-
ficient while running on conventional computers [11].
However, efficient quantum simulations are within reach,
if run on near-term quantum computers or quantum sim-
ulators [12, 13]. Several protocols for efficient quantum
simulations are realizable using linear optics [14–16]. One
distinguished example — boson sampling — has been
demonstrated [17–20]. That work has led to a boson-
sampling-inspired algorithm for simulating vibrational
states of molecules [21].
In this letter, we propose a linear-optical simulation
of the spinfoam amplitude in Loop Quantum Gravity
(LQG). LQG is a background-independent and non-
perturbative approach to the theory of quantum grav-
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ity [22–24]. As LQG analogs of Feynman path integrals
for quantum gravity, spinfoam amplitudes are transition
amplitudes for the evolution of LQG quantum geometry
states [25–27]. The spinfoam amplitude plays the central
role in the covariant dynamics of LQG in 3+1 dimen-
sions.
The spinfoam amplitude is a network of quantum
gates, which are quantum transitions of LQG quantum
geometry states within infinitesimal spacetime regions
[28]. Matrix elements of these quantum gates are called
vertex amplitudes (see FIG.1). This feature of spinfoam
amplitude shares a similarity with systems in quantum
computation and allows spinfoams to be demonstrated
on a quantum simulator device (see, e.g., [29, 30] for ex-
isting studies relating LQG to quantum computation).
Here, we develop a new relation between the spinfoam
LQG and a linear-optical quantum simulator. Based
on this relation, we design an optical experiment for
simulating spinfoam amplitudes. In our simulation, we
map LQG quantum tetrahedron geometries to qubits and
photon modes. We encode the spinfoam vertex ampli-
tude in an optical quantum circuit, which is designed
as a chain of linear-optical unitary operations followed
by post-selection. This optical quantum circuit can be
implemented on a chip, which is within the capability
of current experiments [5] and permits the simulation of
spinfoam amplitudes with many vertices — due to the
inherent scalability of linear-optical quantum informa-
tion processors. Our work will shed light on comput-
ing spinfoam amplitudes with multiple vertices, which is
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<latexit sha1_base64="S8jh CUgliZTnTOFMVMvQ4yL76gM=">AAAlAnicnZpJc9y4Fcd7JttE2 TzJMRckkspyIstq2c64ppLUaLEs2ZIlW4sXUeoCSbBJN7gIBFsLz Vs+RK7JMbdUrvkiueSz5AEku7FQsiutcjeJ3/s/AuDDAwjazWiU 8+Xl/3zx5fe+/4Mf/uirH8/85Kc/+/kv7nz9y+M8LZhHjryUpuy ti3NCo4Qc8YhT8jZjBMcuJW/c0brgb8aE5VGaHPKrjJzGeJhEQeR hDkVnH50sjwYPHYaTISWDO7PLS8vyg+yDfnMw22s++4OvZ//r+K lXxCThHsV5ftJfzvhpiRmPPEqqGafISYa9ER6SEzhMcEzy01JWu 0LzUOKjIGXwL+FIlqqKEsd5fhW7YBljHuYmE4Vd7KTgwZPTMkqyg pPEqy8UFBTxFIk+QH7EiMfpFRxgj0VQV+SFmGGPQ0/NzHReB4rn 1fI8TC8odgnNKxuMyFVezaOQ8+zbBw88jpOllA0fZKPhgxbP2Ne RbdUKhwxnYeRdLtY91lmzRfjlYawL+aXo0txQCHOWB6JYrfJJ7p1 KluHrVG/NyWH/tBSuRD8KFSMJufDSOMaJ/zuHc58EuKC89OIx55 VlEOA4olet0dQe7sk82kvgFkQB4iFBIobrMEjrgjasUJSL++YSe esu4G4RhnJ+RcltFVVb7cai5vYHZUBrV6gDw2fGSX0/j3wSYzaME hgBj714xuFp1hQsy4J5R4y+XIw7v+wvPYRbwcklv4h8HqL+Ey9G aB71/1CXhiQahhytPK6LVx51Ve3Tnxln2s2lw/zqBNrviJvoYVr O9qtKt3hNAmmyADcoEPyeYUAxHU6dBAyPpBeo4k5EEEDiMqxLkrQ SX0kRu4Q5DjiEu+skybSwKQpKBxx6zRlmDGosegGO0gujHjHBSV 0PKnOSqEWTnkR4qaZQIdUSCdOPptGIcGn0Ec320cSR3vQM2kEoH UC1YrRvdp0fBVXdKywufYsSFo2rk5XTuo3SHC5VNQcrYD8vAjplJ IYUV0CEQpLLCW+Oy5x40Fk+ySDJlI9r7419eVj/VpODE7AWiftU M9sgQZREorxSj7uNdwjUvDppPJ425/PdxuspSynF7KpSDrtN91m apXlz5Yl3tdS4xqQLcwgEnrE0Ff0sxogbCF0afOsgB5kdLpqXh61 5GESUojlnLb2cQzIGVdv3zY1z3fK9NSKm7LXJ1qdsvTIj6pBNww GODWmeVsoQgjODw00uHRijaMtyvN2i7UqkME2FqWitjDCIrTqqN mHmhCALCORcHoEOtF5BixxBaiqSIi+gLIc0SHIjZtMC1gd10IbSo Fxe6kN4yTHSlEDoqqe1gRn8Lq1HR+2xGSv3l5cePe409lKWEKbY U9YWCVGn5oL4Q6JImnOw/+ZJd40IVcwT7FJcm9vWkNoTPjXuS7u Hdd075wxzCsHUT2+YPDpytvCIVtfWXj893l493N57eSBLlLWHVru NW9LO0ykjJpNxBJksMsHGhiDNJIE2TIxdwPBlFLvQfSV8GcWrra /cY+VqZeJN5VLlpoW5lPMI7laHmG9Oqa11pdbFXZd1N1tm69YPg B0MZIop4UQMIuj+oEhkVsqN4ZgPkyYfleLQHK1e2FI4MpPAhOUW4 8MJ5B1wwoYmk3lHMjvrwLw2aqk8rpsmVpQpNcKqkFFQJDBziXWL Y8XBu/bWQXC9qwbOEIsZwjB6Ie+QuN6Lm0wOdjbWFVcHO9XCyuI 0r96zeo36nrCvMyetBitKEjZ9H4l7ebSwYnlpVwV/FNnrowG11cC fzaWHGAAOJQFfcFwC6zt4jmEYpj54hHC8NHdgquN4AOMEZhonjx K1gICH2rxe25jrq+e3eb+vewPvxuU+5T0Wg/Qzqu5iveYu/pya3 +L8vu5Nr/kN3j+dWeVDIQ9h6S+fJCFZfWaCNUJBDGBYhpMQ82ZCD 0rIb7DQ4yiwAgemjY9rDTMDxx2DqzHxyrUb1FEyni6fIdq34XzQ ROjJbP/UMIfjaQYXJ+aaNJ3iHROSYgqfmnAUJVP6IkqstcQB9ap bBqVuvK9Z73/KPJfWQe4EVBu9utXReU6nTo+qwfmCrbFdn2vVBtF tNeHNRepJZHqtGy9m9pLSx5BsxG006lM0LS0GKxY618SiqqYcql d09QF4+4whgrDvEx+5V2i3uITV3mcNDzlE5hHixAsTOaqw6zIyj nA9/dWPZy70Vj3KyXlSj9zmwY0AEcNZKZezzDqmNGq2KtAqzULsE m50p4er6cpj1QxJz1XomtFTnqfAdRP6lbqiMSBR4FMTBgrcNOFQ gc9MGCpwy4SRArdN+EGBz004UuALE1IF7pgwVuCuCRMFvjRhqsA 9E2YK3DfhuQJfmRBTpuDXJs4VeGBCrsBDExYKPDLhWIHHJrxQ4Bs TXirwrQmvFPjOhNcKfN8MCFgRRxm/aSjk7VBoFs4GjRW62w6xTV gS8YLd5DJoXcqlEyzEENIX4xq3rhm4KnZtucbXLLmnYs+Wa9yaD QJfxb4t17i1Wg2Iiokt17g1XQaBigNbrvFNSz5U8dCWa/yZJQ9VH NpyjW9ZciiNVItIeJAf3Y1pt215+qDiD3ZFNP7cko9UPLLlGn9h yamKqS3XuLUeCmIVx7Zc47uWPFFxYss1/tKSazs+qS3X+J4lz1S c2XKNW7uTwbmKz225xl/ZEaRiZss1bm2UBbmKc1uu8QNLzlXMbbn GDy15oeLClmv8yJKPVTy25Ro/tuQXKr6w5Rp/Y8kvVXxpyzX+1p JfqfjKlmv8nSW/VvG1Ldf4e+shwpOJz085EinQYJsTtmkxb8I8i 0VMLpAEbR/XkJVqhJWIKvFLiW8uHz7EaRs0Qn1W3u+3k+gzRsgIU cLr13zaq6rSEVMkFtNrZRIx+8Gci40riYbU+x56+TMof9aU647E ROYTankimWjQGDM4iGia2FjkvwnU96GkzJDrFlxuOIWyBcZWtiC Hod02cCZV8tfGxw0+7sZ5JPoGvq2+OZDkoCF674g2Uhy7vo12ELC dhulNEPmJhaklEUk3jcnQdrYHZK+TiMDhuDDqLEbCtd3IkQiYEc 4ybI4NFrcrFhYj39ypkU9C6Oy+8xv480yvWYN/fwMmkM7PnP08k lz+/cncOhDNELs15h6hKJd7MAbYelmJNwwc1hcLL83n1K3dKdy14 HgCB2Nr2Uwn47BchxOzmnjY1LN5f2dtaQ7b+na/tlud9nK5am2Q c+UtDbf2S123XZN27U+sivc/6bjeH53uYsO6+UwVmSo2be+qdcV C2UY5Wujfq84eGhZtR7c+dq0r5Fk02ZI+gOOFR9buZ6R0SmR1yn6 q7LuIE4NvFsrekTgxuy2bNtFaiWD55MZCM+J9zOX+IV/4MBCvFx ZXF5vN+0XnMqqLruUPhKgZYUKcNuqzcmH5XtX4qE9aT+1Z4685v VZOunyLVKzU7m7tGq3ebd3enXi82zi72+HHxd5oyNIi8dVmNnUYD vD/Vbn67UNzK+r3D3qGvi0/szhSwqDrZRZqHjHNZ9N22hdPnzDr D+7M9s3//2MfHK8s9R8urbx6NPvdWvN/g77q/br3295Cr9/7pvd db6u33zvqeT3W+2vvb72/z/1l7h9z/5z7V2365ReN5lc97TP37/8 B3enylw==</latexit>
| 4i
<latexit sha1_base64="YhzDaHOAnMmKL7/gpKDdo9Otyfk="> AAAlAnicnZpJc9y4Fcd7JttE2TzJMRckkspyIstq2c64ppLUaLEs2ZIlW4sXUeoCSbBJN7gIBFsLzVs+RK7JMbdUrvkiueSz5AEku7 FQsiutcjeJ3/s/AuDDAwjazWiU8+Xl/3zx5fe+/4Mf/uirH8/85Kc/+/kv7nz9y+M8LZhHjryUpuyti3NCo4Qc8YhT8jZjBMcuJW/c0 brgb8aE5VGaHPKrjJzGeJhEQeRhDkVnH50sjwaPHIaTISWDO7PLS8vyg+yDfnMw22s++4OvZ//r+KlXxCThHsV5ftJfzvhpiRmPPEqq GafISYa9ER6SEzhMcEzy01JWu0LzUOKjIGXwL+FIlqqKEsd5fhW7YBljHuYmE4Vd7KTgwZPTMkqygpPEqy8UFBTxFIk+QH7EiMfpFR xgj0VQV+SFmGGPQ0/NzHReB4rn1fI8TC8odgnNKxuMyFVezaOQ8+zbBw88jpOllA0fZKPhgxbP2NeRbdUKhwxnYeRdLtY91lmzRfjlY awL+aXo0txQCHOWB6JYrfJJ7p1KluHrVG/NyWH/tBSuRD8KFSMJufDSOMaJ/zuHc58EuKC89OIx55VlEOA4olet0dQe7sk82kvgFkQB 4iFBIobrMEjrgjasUJSL++YSeesu4G4RhnJ+RcltFVVb7cai5vYHZUBrV6gDw2fGSX0/j3wSYzaMEhgBj714xuFp1hQsy4J5R4y+XI w7v+wvPYRbwcklv4h8HqL+Ey9GaB71/1CXhiQahhytPK6LVx51Ve3Tnxln2s2lw/zqBNrviJvoYVrO9qtKt3hNAmmyADcoEPyeYUAxH U6dBAyPpBeo4k5EEEDiMqxLkrQSX0kRu4Q5DjiEu+skybSwKQpKBxx6zRlmDGosegGO0gujHjHBSV0PKnOSqEWTnkR4qaZQIdUSCdOP ptGIcGn0Ec320cSR3vQM2kEoHUC1YrRvdp0fBVXdKywufYsSFo2rk5XTuo3SHC5VNQcrYD8vAjplJIYUV0CEQpLLCW+Oy5x40Fk+yS DJlI9r7419eVj/VpODE7AWiftUM9sgQZREorxSj7uNdwjUvDppPJ425/PdxuspSynF7KpSDrtN91mapXlz5Yl3tdS4xqQLcwgEnrE0F f0sxogbCF0afOsgB5kdLpqXh615GESUojlnLb2cQzIGVdv3zY1z3fK9NSKm7LXJ1qdsvTIj6pBNwwGODWmeVsoQgjODw00uHRijaMty vN2i7UqkME2FqWitjDCIrTqqNmHmhCALCORcHoEOtF5BixxBaiqSIi+gLIc0SHIjZtMC1gd10IbSoFxe6kN4yTHSlEDoqqe1gRn8Lq 1HR+2xGSv3l5cePe409lKWEKbYU9YWCVGn5oL4Q6JImnOw/+ZJd40IVcwT7FJcm9vWkNoTPjXuS7uHdd075wxzCsHUT2+YPDpytvCIV tfWXj893l493N57eSBLlLWHVruNW9LO0ykjJpNxBJksMsHGhiDNJIE2TIxdwPBlFLvQfSV8GcWrra/cY+VqZeJN5VLlpoW5lPMI7laH mG9Oqa11pdbFXZd1N1tm69YPgB0MZIop4UQMIuj+oEhkVsqN4ZgPkyYfleLQHK1e2FI4MpPAhOUW48MJ5B1wwoYmk3lHMjvrwLw2aq k8rpsmVpQpNcKqkFFQJDBziXWLY8XBu/bWQXC9qwbOEIsZwjB6Ie+QuN6Lm0wOdjbWFVcHO9XCyuI0r96zeo36nrCvMyetBitKEjZ9H 4l7ebSwYnlpVwV/FNnrowG11cCfzaWHGAAOJQFfcFwC6zt4jmEYpj54hHC8NHdgquN4AOMEZhonjxK1gICH2rxe25jrq+e3eb+vewPv xuU+5T0Wg/Qzqu5iveYu/pya3+L8vu5Nr/kN3j+dWeVDIQ9h6S+fJCFZfWaCNUJBDGBYhpMQ82ZCD0rIb7DQ4yiwAgemjY9rDTMDxx 2DqzHxyrUb1FEyni6fIdq34XzQROjJbP/UMIfjaQYXJ+aaNJ3iHROSYgqfmnAUJVP6IkqstcQB9apbBqVuvK9Z73/KPJfWQe4EVBu9u tXReU6nTo+qwfmCrbFdn2vVBtFtNeHNRepJZHqtGy9m9pLSx5BsxG006lM0LS0GKxY618SiqqYcqld09QF4+4whgrDvEx+5V2i3uITV 3mcNDzlE5hHixAsTOaqw6zIyjnA9/dWPZy70Vj3KyXlSj9zmwY0AEcNZKZezzDqmNGq2KtAqzULsEm50p4er6cpj1QxJz1XomtFTnq fAdRP6lbqiMSBR4FMTBgrcNOFQgc9MGCpwy4SRArdN+EGBz004UuALE1IF7pgwVuCuCRMFvjRhqsA9E2YK3DfhuQJfmRBTpuDXJs4Ve GBCrsBDExYKPDLhWIHHJrxQ4BsTXirwrQmvFPjOhNcKfN8MCFgRRxm/aSjk7VBoFs4GjRW62w6xTVgS8YLd5DJoXcqlEyzEENIX4xq3 rhm4KnZtucbXLLmnYs+Wa9yaDQJfxb4t17i1Wg2Iiokt17g1XQaBigNbrvFNSz5U8dCWa/yZJQ9VHNpyjW9ZciiNVItIeJAf3Y1pt2 15+qDiD3ZFNP7cko9UPLLlGn9hyamKqS3XuLUeCmIVx7Zc47uWPFFxYss1/tKSazs+qS3X+J4lz1Sc2XKNW7uTwbmKz225xl/ZEaRiZ ss1bm2UBbmKc1uu8QNLzlXMbbnGDy15oeLClmv8yJKPVTy25Ro/tuQXKr6w5Rp/Y8kvVXxpyzX+1pJfqfjKlmv8nSW/VvG1Ldf4e+sh wpOJz085EinQYJsTtmkxb8I8i0VMLpAEbR/XkJVqhJWIKvFLiW8uHz7EaRs0Qn1W3u+3k+gzRsgIUcLr13zaq6rSEVMkFtNrZRIx+8 Gci40riYbU+x56+TMof9aU647EROYTankimWjQGDM4iGia2FjkvwnU96GkzJDrFlxuOIWyBcZWtiCHod02cCZV8tfGxw0+7sZ5JPoGv q2+OZDkoCF674g2Uhy7vo12ELCdhulNEPmJhaklEUk3jcnQdrYHZK+TiMDhuDDqLEbCtd3IkQiYEc4ybI4NFrcrFhYj39ypkU9C6Oy+ 8xv480yvWYN/fwMmkM7PnP08klz+/cncOhDNELs15h6hKJd7MAbYelmJNwwc1hcLL83n1K3dKdy14HgCB2Nr2Uwn47BchxOzmnjY1L N5f2dtaQ7b+na/tlud9nK5am2Qc+UtDbf2S123XZN27U+sivc/6bjeH53uYsO6+UwVmSo2be+qdcVC2UY5Wujfq84eGhZtR7c+dq0r5 Fk02ZI+gOOFR9buZ6R0SmR1yn6q7LuIE4NvFsrekTgxuy2bNtFaiWD55MZCM+J9zOX+IV/4MBCvFxZXF5vN+0XnMqqLruUPhKgZYUKc NuqzcmH5XtX4qE9aT+1Z4685vVZOunyLVKzU7m7tGq3ebd3enXi82zi72+HHxd5oyNIi8dVmNnUYDvD/Vbn67UNzK+r3D3qGvi0/sz hSwqDrZRZqHjHNZ9N22hdPnzDrD+7M9s3//2MfHK8s9R8urbx6NPvdWvN/g77q/br3295Cr9/7pvddb6u33zvqeT3W+2vvb72/z/1l7 h9z/5z7V2365ReN5lc97TP37/8BApDymA==</latexit>
| 5i
<latexit sha1_base64="cb1ev5ZS52Fled2H0aBYkHWwITM="> AAAlAnicnZpJc9y4Fcd7JttE2TzJMRckkspyIstq2c64ppLUaLEs2ZIlW4sXUeoCSbBJN7gIBFsLzVs+RK7JMbdUrvkiueSz5AEku7 FQsiutcjeJ3/s/AuDDAwjazWiU8+Xl/3zx5fe+/4Mf/uirH8/85Kc/+/kv7nz9y+M8LZhHjryUpuyti3NCo4Qc8YhT8jZjBMcuJW/c0 brgb8aE5VGaHPKrjJzGeJhEQeRhDkVnH50sjwaPHYaTISWDO7PLS8vyg+yDfnMw22s++4OvZ//r+KlXxCThHsV5ftJfzvhpiRmPPEqq GafISYa9ER6SEzhMcEzy01JWu0LzUOKjIGXwL+FIlqqKEsd5fhW7YBljHuYmE4Vd7KTgwZPTMkqygpPEqy8UFBTxFIk+QH7EiMfpFR xgj0VQV+SFmGGPQ0/NzHReB4rn1fI8TC8odgnNKxuMyFVezaOQ8+zbBw88jpOllA0fZKPhgxbP2NeRbdUKhwxnYeRdLtY91lmzRfjlY awL+aXo0txQCHOWB6JYrfJJ7p1KluHrVG/NyWH/tBSuRD8KFSMJufDSOMaJ/zuHc58EuKC89OIx55VlEOA4olet0dQe7sk82kvgFkQB 4iFBIobrMEjrgjasUJSL++YSeesu4G4RhnJ+RcltFVVb7cai5vYHZUBrV6gDw2fGSX0/j3wSYzaMEhgBj714xuFp1hQsy4J5R4y+XI w7v+wvPYRbwcklv4h8HqL+Ey9GaB71/1CXhiQahhytPK6LVx51Ve3Tnxln2s2lw/zqBNrviJvoYVrO9qtKt3hNAmmyADcoEPyeYUAxH U6dBAyPpBeo4k5EEEDiMqxLkrQSX0kRu4Q5DjiEu+skybSwKQpKBxx6zRlmDGosegGO0gujHjHBSV0PKnOSqEWTnkR4qaZQIdUSCdOP ptGIcGn0Ec320cSR3vQM2kEoHUC1YrRvdp0fBVXdKywufYsSFo2rk5XTuo3SHC5VNQcrYD8vAjplJIYUV0CEQpLLCW+Oy5x40Fk+yS DJlI9r7419eVj/VpODE7AWiftUM9sgQZREorxSj7uNdwjUvDppPJ425/PdxuspSynF7KpSDrtN91mapXlz5Yl3tdS4xqQLcwgEnrE0F f0sxogbCF0afOsgB5kdLpqXh615GESUojlnLb2cQzIGVdv3zY1z3fK9NSKm7LXJ1qdsvTIj6pBNwwGODWmeVsoQgjODw00uHRijaMty vN2i7UqkME2FqWitjDCIrTqqNmHmhCALCORcHoEOtF5BixxBaiqSIi+gLIc0SHIjZtMC1gd10IbSoFxe6kN4yTHSlEDoqqe1gRn8Lq 1HR+2xGSv3l5cePe409lKWEKbYU9YWCVGn5oL4Q6JImnOw/+ZJd40IVcwT7FJcm9vWkNoTPjXuS7uHdd075wxzCsHUT2+YPDpytvCIV tfWXj893l493N57eSBLlLWHVruNW9LO0ykjJpNxBJksMsHGhiDNJIE2TIxdwPBlFLvQfSV8GcWrra/cY+VqZeJN5VLlpoW5lPMI7laH mG9Oqa11pdbFXZd1N1tm69YPgB0MZIop4UQMIuj+oEhkVsqN4ZgPkyYfleLQHK1e2FI4MpPAhOUW48MJ5B1wwoYmk3lHMjvrwLw2aq k8rpsmVpQpNcKqkFFQJDBziXWLY8XBu/bWQXC9qwbOEIsZwjB6Ie+QuN6Lm0wOdjbWFVcHO9XCyuI0r96zeo36nrCvMyetBitKEjZ9H 4l7ebSwYnlpVwV/FNnrowG11cCfzaWHGAAOJQFfcFwC6zt4jmEYpj54hHC8NHdgquN4AOMEZhonjxK1gICH2rxe25jrq+e3eb+vewPv xuU+5T0Wg/Qzqu5iveYu/pya3+L8vu5Nr/kN3j+dWeVDIQ9h6S+fJCFZfWaCNUJBDGBYhpMQ82ZCD0rIb7DQ4yiwAgemjY9rDTMDxx 2DqzHxyrUb1FEyni6fIdq34XzQROjJbP/UMIfjaQYXJ+aaNJ3iHROSYgqfmnAUJVP6IkqstcQB9apbBqVuvK9Z73/KPJfWQe4EVBu9u tXReU6nTo+qwfmCrbFdn2vVBtFtNeHNRepJZHqtGy9m9pLSx5BsxG006lM0LS0GKxY618SiqqYcqld09QF4+4whgrDvEx+5V2i3uITV 3mcNDzlE5hHixAsTOaqw6zIyjnA9/dWPZy70Vj3KyXlSj9zmwY0AEcNZKZezzDqmNGq2KtAqzULsEm50p4er6cpj1QxJz1XomtFTnq fAdRP6lbqiMSBR4FMTBgrcNOFQgc9MGCpwy4SRArdN+EGBz004UuALE1IF7pgwVuCuCRMFvjRhqsA9E2YK3DfhuQJfmRBTpuDXJs4Ve GBCrsBDExYKPDLhWIHHJrxQ4BsTXirwrQmvFPjOhNcKfN8MCFgRRxm/aSjk7VBoFs4GjRW62w6xTVgS8YLd5DJoXcqlEyzEENIX4xq3 rhm4KnZtucbXLLmnYs+Wa9yaDQJfxb4t17i1Wg2Iiokt17g1XQaBigNbrvFNSz5U8dCWa/yZJQ9VHNpyjW9ZciiNVItIeJAf3Y1pt2 15+qDiD3ZFNP7cko9UPLLlGn9hyamKqS3XuLUeCmIVx7Zc47uWPFFxYss1/tKSazs+qS3X+J4lz1Sc2XKNW7uTwbmKz225xl/ZEaRiZ ss1bm2UBbmKc1uu8QNLzlXMbbnGDy15oeLClmv8yJKPVTy25Ro/tuQXKr6w5Rp/Y8kvVXxpyzX+1pJfqfjKlmv8nSW/VvG1Ldf4e+sh wpOJz085EinQYJsTtmkxb8I8i0VMLpAEbR/XkJVqhJWIKvFLiW8uHz7EaRs0Qn1W3u+3k+gzRsgIUcLr13zaq6rSEVMkFtNrZRIx+8 Gci40riYbU+x56+TMof9aU647EROYTankimWjQGDM4iGia2FjkvwnU96GkzJDrFlxuOIWyBcZWtiCHod02cCZV8tfGxw0+7sZ5JPoGv q2+OZDkoCF674g2Uhy7vo12ELCdhulNEPmJhaklEUk3jcnQdrYHZK+TiMDhuDDqLEbCtd3IkQiYEc4ybI4NFrcrFhYj39ypkU9C6Oy+ 8xv480yvWYN/fwMmkM7PnP08klz+/cncOhDNELs15h6hKJd7MAbYelmJNwwc1hcLL83n1K3dKdy14HgCB2Nr2Uwn47BchxOzmnjY1L N5f2dtaQ7b+na/tlud9nK5am2Qc+UtDbf2S123XZN27U+sivc/6bjeH53uYsO6+UwVmSo2be+qdcVC2UY5Wujfq84eGhZtR7c+dq0r5 Fk02ZI+gOOFR9buZ6R0SmR1yn6q7LuIE4NvFsrekTgxuy2bNtFaiWD55MZCM+J9zOX+IV/4MBCvFxZXF5vN+0XnMqqLruUPhKgZYUKc NuqzcmH5XtX4qE9aT+1Z4685vVZOunyLVKzU7m7tGq3ebd3enXi82zi72+HHxd5oyNIi8dVmNnUYDvD/Vbn67UNzK+r3D3qGvi0/sz hSwqDrZRZqHjHNZ9N22hdPnzDrD+7M9s3//2MfHK8s9R8urbx6NPvdWvN/g77q/br3295Cr9/7pvddb6u33zvqeT3W+2vvb72/z/1l7 h9z/5z7V2365ReN5lc97TP37/8BJyjymQ==</latexit>
| 1i
<latexit sha1_base64="r3i7 3HZWGK0tH7xn8jeTJsGDyf4=">AAAlAnicnZpJc9y4Fcd7JttE2 TzJMRckkspyIstq2c64ppLUaLEs2ZIlW4sXUeoCSbBJN7gIBFsLz Vs+RK7JMbdUrvkiueSz5AEku7FQsiutcjeJ3/s/AuDDAwjazWiU 8+Xl/3zx5fe+/4Mf/uirH8/85Kc/+/kv7nz9y+M8LZhHjryUpuy ti3NCo4Qc8YhT8jZjBMcuJW/c0brgb8aE5VGaHPKrjJzGeJhEQeR hDkVnH50sjwZ9h+FkSMngzuzy0rL8IPug3xzM9prP/uDr2f86fu oVMUm4R3Gen/SXM35aYsYjj5JqxilykmFvhIfkBA4THJP8tJTVr tA8lPgoSBn8SziSpaqixHGeX8UuWMaYh7nJRGEXOyl48OS0jJKs4 CTx6gsFBUU8RaIPkB8x4nF6BQfYYxHUFXkhZtjj0FMzM53XgeJ5 tTwP0wuKXULzygYjcpVX8yjkPPv2wQOP42QpZcMH2Wj4oMUz9nV kW7XCIcNZGHmXi3WPddZsEX55GOtCfim6NDcUwpzlgShWq3ySe6e SZfg61Vtzctg/LYUr0Y9CxUhCLrw0jnHi/87h3CcBLigvvXjMeW UZBDiO6FVrNLWHezKP9hK4BVGAeEiQiOE6DNK6oA0rFOXivrlE3 roLuFuEoZxfUXJbRdVWu7Gouf1BGdDaFerA8JlxUt/PI5/EmA2jB EbAYy+ecXiaNQXLsmDeEaMvF+POL/tLD+FWcHLJLyKfh6j/xIsR mkf9P9SlIYmGIUcrj+vilUddVfv0Z8aZdnPpML86gfY74iZ6mJa z/arSLV6TQJoswA0KBL9nGFBMh1MnAcMj6QWquBMRBJC4DOuSJK3 EV1LELmGOAw7h7jpJMi1sioLSAYdec4YZgxqLXoCj9MKoR0xwUt eDypwkatGkJxFeqilUSLVEwvSjaTQiXBp9RLN9NHGkNz2DdhBKB 1CtGO2bXedHQVX3CotL36KERePqZOW0bqM0h0tVzcEK2M+LgE4Zi SHFFRChkORywpvjMicedJZPMkgy5ePae2NfHta/1eTgBKxF4j7V zDZIECWRKK/U427jHQI1r04aj6fN+Xy38XrKUkoxu6qUw27TfZZ mad5ceeJdLTWuMenCHAKBZyxNRT+LMeIGQpcG3zrIQWaHi+blYWs eBhGlaM5ZSy/nkIxB1fZ9c+Nct3xvjYgpe22y9Slbr8yIOmTTcI BjQ5qnlTKE4MzgcJNLB8Yo2rIcb7douxIpTFNhKlorIwxiq46qT Zg5IcgCAjmXR6ADrVfQIkeQmoqkyAsoyyENktyI2bSA9UEdtKE0K JeX+hBecow0JRC66mltYAa/S+vRUXtsxsr95aVHjzuNvZQlhCn2 lLVFQtSpuSD+kCiS5hzsv3nSXSNCFfMEuxTX5rY1pPaET4370u5 hXffOOcOcQjD10xsmj46cLTyi1bW110+Pt1cPt/deHsgSZe2h1W7 jlrTzdMqIyWQcQSaLTLCxIUgzSaANE2MXMHwZxS50XwlfRvFq6y v3WLlamXhTuVS5aWEu5TyCu9Uh5ptTamtdqXVx12XdzZbZuvUDY AcDmWJKOBGDCLo/KBKZlXJjOObDpMlHpTg0R6sXthSOzCQwYbnF+ HACeQecsKHJZN6RzM46MK+NWiqP66aJFWVKjbAqZBQUCcxcYt3i WHHwrr11EFzvqoEzxGKGMIxeyDskrvfiJpODnY11xdXBTrWwsjj Nq/esXqO+J+zrzEmrwYqShE3fR+JeHi2sWF7aVcEfRfb6aEBtNfB nc+khBoBDScAXHJfA+g6eYxiGqQ8eIRwvzR2Y6jgewDiBmcbJo0 QtIOChNq/XNub66vlt3u/r3sC7cblPeY/FIP2MqrtYr7mLP6fmt zi/r3vTa36D909nVvlQyENY+ssnSUhWn5lgjVAQAxiW4STEvJnQg xLyGyz0OAqswIFp4+Naw8zAccfgaky8cu0GdZSMp8tniPZtOB80 EXoy2z81zOF4msHFibkmTad4x4SkmMKnJhxFyZS+iBJrLXFAveq WQakb72vW+58yz6V1kDsB1UavbnV0ntOp06NqcL5ga2zX51q1QXR bTXhzkXoSmV7rxouZvaT0MSQbcRuN+hRNS4vBioXONbGoqimH6h VdfQDePmOIIOz7xEfuFdotLmG191nDQw6ReYQ48cJEjirsuoyMI 1xPf/XjmQu9VY9ycp7UI7d5cCNAxHBWyuUss44pjZqtCrRKsxC7h Bvd6eFquvJYNUPScxW6ZvSU5ylw3YR+pa5oDEgU+NSEgQI3TThU 4DMThgrcMmGkwG0TflDgcxOOFPjChFSBOyaMFbhrwkSBL02YKnD PhJkC9014rsBXJsSUKfi1iXMFHpiQK/DQhIUCj0w4VuCxCS8U+Ma Elwp8a8IrBb4z4bUC3zcDAlbEUcZvGgp5OxSahbNBY4XutkNsE5 ZEvGA3uQxal3LpBAsxhPTFuMatawauil1brvE1S+6p2LPlGrdmg 8BXsW/LNW6tVgOiYmLLNW5Nl0Gg4sCWa3zTkg9VPLTlGn9myUMVh 7Zc41uWHEoj1SISHuRHd2PabVuePqj4g10RjT+35CMVj2y5xl9Y cqpiass1bq2HgljFsS3X+K4lT1Sc2HKNv7Tk2o5Pass1vmfJMxV ntlzj1u5kcK7ic1uu8Vd2BKmY2XKNWxtlQa7i3JZr/MCScxVzW67 xQ0teqLiw5Ro/suRjFY9tucaPLfmFii9sucbfWPJLFV/aco2/te RXKr6y5Rp/Z8mvVXxtyzX+3nqI8GTi81OORAo02OaEbVrMmzDPY hGTCyRB28c1ZKUaYSWiSvxS4pvLhw9x2gaNUJ+V9/vtJPqMETJCl PD6NZ/2qqp0xBSJxfRamUTMfjDnYuNKoiH1vode/gzKnzXluiMx kfmEWp5IJho0xgwOIpomNhb5bwL1fSgpM+S6BZcbTqFsgbGVLch haLcNnEmV/LXxcYOPu3Eeib6Bb6tvDiQ5aIjeO6KNFMeub6MdBGy nYXoTRH5iYWpJRNJNYzK0ne0B2eskInA4Low6i5FwbTdyJAJmhL MMm2ODxe2KhcXIN3dq5JMQOrvv/Ab+PNNr1uDf34AJpPMzZz+PJ Jd/fzK3DkQzxG6NuUcoyuUejAG2XlbiDQOH9cXCS/M5dWt3CnctO J7AwdhaNtPJOCzX4cSsJh429Wze31lbmsO2vt2v7VanvVyuWhvk XHlLw639Utdt16Rd+xOr4v1POq73R6e72LBuPlNFpopN27tqXbF QtlGOFvr3qrOHhkXb0a2PXesKeRZNtqQP4HjhkbX7GSmdElmdsp8 q+y7ixOCbhbJ3JE7MbsumTbRWIlg+ubHQjHgfc7l/yBc+DMTrhc XVxWbzftG5jOqia/kDIWpGmBCnjfqsXFi+VzU+6pPWU3vW+GtOr 5WTLt8iFSu1u1u7Rqt3W7d3Jx7vNs7udvhxsTcasrRIfLWZTR2GA /x/Va5++9Dcivr9g56hb8vPLI6UMOh6mYWaR0zz2bSd9sXTJ8z6 gzuzffP//9gHxytL/YdLK68ezX631vzfoK96v+79trfQ6/e+6X3 X2+rt9456Xo/1/tr7W+/vc3+Z+8fcP+f+VZt++UWj+VVP+8z9+3+ UufKV</latexit>
| 2i
<latexit sha1_base64="aJ3q dHVwothbNMzWtf8Lc9QxHYI=">AAAlAnicnZpJc9y4Fcd7JttE2 TzJMRckkspyIstq2c64ppLUaLEs2ZIlW4sXUeoCSbBJN7gIBFsLz Vs+RK7JMbdUrvkiueSz5AEkm1hasiutcjeJ3/s/AuDDAwjazWiU 8+Xl/3zx5fe+/4Mf/uirH8/85Kc/+/kv7nz9y+M8LZhHjryUpuy ti3NCo4Qc8YhT8jZjBMcuJW/c0brgb8aE5VGaHPKrjJzGeJhEQeR hDkVnH50sjwYrDsPJkJLBndnlpWX5QfZBvzmY7TWf/cHXs/91/N QrYpJwj+I8P+kvZ/y0xIxHHiXVjFPkJMPeCA/JCRwmOCb5aSmrX aF5KPFRkDL4l3AkS1VFieM8v4pdsIwxD3OTicJp7KTgwZPTMkqyg pPEqy8UFBTxFIk+QH7EiMfpFRxgj0VQV+SFmGGPQ0/NzEy9DhTP q+V5mF5Q7BKaVzYYkau8mkch59m3Dx54HCdLKRs+yEbDBy2esa8 j26oVDhnOwsi7XKx7bGrNFuGXh7Eu5JeiS3NDIcxZHohitconuXc qWYavU701J4f901K4Ev0oVIwk5MJL4xgn/u8czn0S4ILy0ovHnF eWQYDjiF61Rp093JN5tJfALYgCxEOCRAzXYZDWBW1YoSgX980l8 tZdwN0iDOX8ipLbKqq22o1Fze0PyoDWrtAUDJ8ZJ/X9PPJJjNkwS mAEPPbiGYenWVOwLAvmHTH6cjHu/LK/9BBuBSeX/CLyeYj6T7wY oXnU/0NdGpJoGHK08rguXnk0rWqf/sw4XTeXDvOrE2i/I26ih2k 5268q3eI1CaTJAtygQPB7hgHFdNg5CRgeSS9QxZ2IIIDEZViXJGk lvpIidglzHHAId9dJkq6wKQpKBxx6zRlmDGosegGO0gujHjHBSV 0PKnOSqEWTnkR4qaZQIdUSCdOPptGIcGn0Ec320cSR3vQM2kEoH UC1YrRvdp0fBVXdKywufYsSFo2rk5XTuo3SHC5VNQcrYD8vAjplJ IYUV0CEQpLLCW+Oy5x40Fk+ySDJlI9r7419eVj/VpODE7AWiftU M9sgQZREorxSj6cb7xCoeXXSeDxtzuenG6+nLKUUs6tKOZxuus/ SLM2bK0+8q6XGNSZdmEMg8IylqehnMUbcQOjS4FsHOcjscNG8PGz NwyCiFM05a+nlHJIxqNq+b26c65bvrRHRsdcmW+/YemVG1CHrwg GODWmeVsoQgjODw00uHRijaMtyvN2i7UqkME2FqWitjDCIrTqqN mHmhCALCORcHoEOtF5BixxBaiqSIi+gLIc0SHIjZtMC1gd10IbSo Fxe6kN4yTHSlEDoqqe1gRn8Lq1HR+2xGSv3l5cePZ5q7KUsIUyx p6wtEqKpmgviD4kiac7B/psn02tEqGKeYJfi2ty2htSe8M64L+0 e1nWfOmeYUwimfnrD5DElZwuPaHVt7fXT4+3Vw+29lweyRFl7aLX buCXtPO0YMZmMI8hkkQk2NgRpJgm0YWLsAoYvo9iF7ivhyyhebX 3lHitXKxNvKpcqNy3MpZxHcLemiPlmR22tK7UunnZZd7Nltm79A NjBQKaYEk7EIILuD4pEZqXcGI75MGnyUSkOzdHqhS2FIzMJTFhuM T6cQD4FTtjQZDLvSGZnHZjXRi2Vx3XTxIoypUZYFTIKigRmLrFu caw4eNfeOgiud9XAGWIxQxhGL+QdEtd7cZPJwc7GuuLqYKdaWFn s8uo9q9eo7wn7OnPSCp5LuiRs+j4S9/JoYcXy0q4K/iiy10cDaqu BP5tLDzEAHEoCvuC4BNZ38BzDMEx98AjheGnuwFTH8QDGCcw0Th 4lagEBD7V5vbYx11fPb/N+X/cG3o3Lfcp7LAbpZ1TdxXrNXfw5N b/F+X3dm17zG7x/OrPKh0IewtJfPklCsvrMBGuEghjAsAwnIebNh B6UkN9gocdRYAUOTBsf1xpmBo47Bldj4pVrN6ijZNwtnyHat+F8 0EToyWz/1DCH4y6DixNzTZp2eMeEpOjgUxOOoqSjL6LEWkscUK+ 6ZVDqxvua9f6nzHNpHeROQLXRq1sdnee0c3pUDc4XbI3t+lyrNoh uqwlvLlJPIt21bryY2UtKH0OyEbfRqE/RtLQYrFjoXBOLqppyqF 4xrQ/A22cMEYR9n/jIvUK7xSWs9j5reMghMo8QJ16YyFGFXZeRc YTr6a9+PHOht+pRTs6TeuQ2D24EiBjOSrmcZdYxpVGzVYFWaRZil 3CjOz1cdSuPVTMkPVeha0ZPeZ4C103oV+qKxoBEgU9NGChw04RD BT4zYajALRNGCtw24QcFPjfhSIEvTEgVuGPCWIG7JkwU+NKEqQL 3TJgpcN+E5wp8ZUJMmYJfmzhX4IEJuQIPTVgo8MiEYwUem/BCgW9 MeKnAtya8UuA7E14r8H0zIGBFHGX8pqGQt0OhWTgbNFbobjvENm FJxAt2k8ugdSmXTrAQQ0hfjGvcumbgqti15Rpfs+Seij1brnFrN gh8Ffu2XOPWajUgKia2XOPWdBkEKg5sucY3LflQxUNbrvFnljxUc WjLNb5lyaE0Ui0i4UF+dDem3bbl6YOKP9gV0fhzSz5S8ciWa/yF JacqprZc49Z6KIhVHNtyje9a8kTFiS3X+EtLru34pLZc43uWPFN xZss1bu1OBucqPrflGn9lR5CKmS3XuLVRFuQqzm25xg8sOVcxt+U aP7TkhYoLW67xI0s+VvHYlmv82JJfqPjClmv8jSW/VPGlLdf4W0 t+peIrW67xd5b8WsXXtlzj762HCE8mPj/lSKRAg21O2KbFvAnzL BYxuUAStH1cQ1aqEVYiqsQvJb65fPgQp23QCPVZeb/fTqLPGCEjR AmvX/Npr6pKR0yRWEyvlUnE7AdzLjauJBpS73vo5c+g/FlTrjsS E5lPqOWJZKJBY8zgIKJpYmOR/yZQ34eSMkOuW3C54RTKFhhb2YI chnbbwJlUyV8bHzf4eDrOI9E38G31zYEkBw3Re0e0keLY9W20g4D tNExvgshPLEwtiUi6aUyGtrM9IHtTiQgcjgujzmIkXNuNHImAGe Esw+bYYHG7YmEx8s2dGvkkhM7uO7+BP8/0mjX49zdgAun8zNnPI 8nl35/MrQPRDLFbY+4RinK5B2OArZeVeMPAYX2x8NJ8Tt3a7eCuB ccTOBhby2Y6GYflOpyY1cTDpp7N+ztrS3PY1nf6a7vVrpfLVWuD nCtvabi1X+q67Zp02v7Eqnj/k47r/dFuFxvWzWeqyFSxrr2r1hU LZRvlaKF/rzp7aFi0Hd362LWukGfRZEv6AI4XHlm7n5HSKZHVKfu psu8iTgy+WSh7R+LE7Lasa6K1EsHyyY2FZsT7mMv9Q77wYSBeLy yuLjab94vOZVQXXcsfCFEzwoQ4bdRn5cLyvarxUZ+0ntqzxl9ze q2cTPMtUrFSu7u1a7R6t3V7d+LxbuPs7hQ/LvZGQ5YWia82s6nDc ID/r8rVbx+aW1G/f9Az9G35mcWREgbTXmah5hHTfDZtp33x9Amz /uDObN/8/z/2wfHKUv/h0sqrR7PfrTX/N+ir3q97v+0t9Pq9b3r f9bZ6+72jntdjvb/2/tb7+9xf5v4x98+5f9WmX37RaH7V0z5z//4 fuVHylg==</latexit>
| 3i
<latexit sha1_base64="S8jh CUgliZTnTOFMVMvQ4yL76gM=">AAAlAnicnZpJc9y4Fcd7JttE2 TzJMRckkspyIstq2c64ppLUaLEs2ZIlW4sXUeoCSbBJN7gIBFsLz Vs+RK7JMbdUrvkiueSz5AEku7FQsiutcjeJ3/s/AuDDAwjazWiU 8+Xl/3zx5fe+/4Mf/uirH8/85Kc/+/kv7nz9y+M8LZhHjryUpuy ti3NCo4Qc8YhT8jZjBMcuJW/c0brgb8aE5VGaHPKrjJzGeJhEQeR hDkVnH50sjwYPHYaTISWDO7PLS8vyg+yDfnMw22s++4OvZ//r+K lXxCThHsV5ftJfzvhpiRmPPEqqGafISYa9ER6SEzhMcEzy01JWu 0LzUOKjIGXwL+FIlqqKEsd5fhW7YBljHuYmE4Vd7KTgwZPTMkqyg pPEqy8UFBTxFIk+QH7EiMfpFRxgj0VQV+SFmGGPQ0/NzHReB4rn 1fI8TC8odgnNKxuMyFVezaOQ8+zbBw88jpOllA0fZKPhgxbP2Ne RbdUKhwxnYeRdLtY91lmzRfjlYawL+aXo0txQCHOWB6JYrfJJ7p1 KluHrVG/NyWH/tBSuRD8KFSMJufDSOMaJ/zuHc58EuKC89OIx55 VlEOA4olet0dQe7sk82kvgFkQB4iFBIobrMEjrgjasUJSL++YSe esu4G4RhnJ+RcltFVVb7cai5vYHZUBrV6gDw2fGSX0/j3wSYzaME hgBj714xuFp1hQsy4J5R4y+XIw7v+wvPYRbwcklv4h8HqL+Ey9G aB71/1CXhiQahhytPK6LVx51Ve3Tnxln2s2lw/zqBNrviJvoYVr O9qtKt3hNAmmyADcoEPyeYUAxHU6dBAyPpBeo4k5EEEDiMqxLkrQ SX0kRu4Q5DjiEu+skybSwKQpKBxx6zRlmDGosegGO0gujHjHBSV 0PKnOSqEWTnkR4qaZQIdUSCdOPptGIcGn0Ec320cSR3vQM2kEoH UC1YrRvdp0fBVXdKywufYsSFo2rk5XTuo3SHC5VNQcrYD8vAjplJ IYUV0CEQpLLCW+Oy5x40Fk+ySDJlI9r7419eVj/VpODE7AWiftU M9sgQZREorxSj7uNdwjUvDppPJ425/PdxuspSynF7KpSDrtN91m apXlz5Yl3tdS4xqQLcwgEnrE0Ff0sxogbCF0afOsgB5kdLpqXh61 5GESUojlnLb2cQzIGVdv3zY1z3fK9NSKm7LXJ1qdsvTIj6pBNww GODWmeVsoQgjODw00uHRijaMtyvN2i7UqkME2FqWitjDCIrTqqN mHmhCALCORcHoEOtF5BixxBaiqSIi+gLIc0SHIjZtMC1gd10IbSo Fxe6kN4yTHSlEDoqqe1gRn8Lq1HR+2xGSv3l5cePe409lKWEKbY U9YWCVGn5oL4Q6JImnOw/+ZJd40IVcwT7FJcm9vWkNoTPjXuS7u Hdd075wxzCsHUT2+YPDpytvCIVtfWXj893l493N57eSBLlLWHVru NW9LO0ykjJpNxBJksMsHGhiDNJIE2TIxdwPBlFLvQfSV8GcWrra /cY+VqZeJN5VLlpoW5lPMI7laHmG9Oqa11pdbFXZd1N1tm69YPg B0MZIop4UQMIuj+oEhkVsqN4ZgPkyYfleLQHK1e2FI4MpPAhOUW4 8MJ5B1wwoYmk3lHMjvrwLw2aqk8rpsmVpQpNcKqkFFQJDBziXWL Y8XBu/bWQXC9qwbOEIsZwjB6Ie+QuN6Lm0wOdjbWFVcHO9XCyuI 0r96zeo36nrCvMyetBitKEjZ9H4l7ebSwYnlpVwV/FNnrowG11cC fzaWHGAAOJQFfcFwC6zt4jmEYpj54hHC8NHdgquN4AOMEZhonjx K1gICH2rxe25jrq+e3eb+vewPvxuU+5T0Wg/Qzqu5iveYu/pya3 +L8vu5Nr/kN3j+dWeVDIQ9h6S+fJCFZfWaCNUJBDGBYhpMQ82ZCD 0rIb7DQ4yiwAgemjY9rDTMDxx2DqzHxyrUb1FEyni6fIdq34XzQ ROjJbP/UMIfjaQYXJ+aaNJ3iHROSYgqfmnAUJVP6IkqstcQB9ap bBqVuvK9Z73/KPJfWQe4EVBu9utXReU6nTo+qwfmCrbFdn2vVBtF tNeHNRepJZHqtGy9m9pLSx5BsxG006lM0LS0GKxY618SiqqYcql d09QF4+4whgrDvEx+5V2i3uITV3mcNDzlE5hHixAsTOaqw6zIyj nA9/dWPZy70Vj3KyXlSj9zmwY0AEcNZKZezzDqmNGq2KtAqzULsE m50p4er6cpj1QxJz1XomtFTnqfAdRP6lbqiMSBR4FMTBgrcNOFQ gc9MGCpwy4SRArdN+EGBz004UuALE1IF7pgwVuCuCRMFvjRhqsA 9E2YK3DfhuQJfmRBTpuDXJs4VeGBCrsBDExYKPDLhWIHHJrxQ4Bs TXirwrQmvFPjOhNcKfN8MCFgRRxm/aSjk7VBoFs4GjRW62w6xTV gS8YLd5DJoXcqlEyzEENIX4xq3rhm4KnZtucbXLLmnYs+Wa9yaD QJfxb4t17i1Wg2Iiokt17g1XQaBigNbrvFNSz5U8dCWa/yZJQ9VH NpyjW9ZciiNVItIeJAf3Y1pt215+qDiD3ZFNP7cko9UPLLlGn9h yamKqS3XuLUeCmIVx7Zc47uWPFFxYss1/tKSazs+qS3X+J4lz1S c2XKNW7uTwbmKz225xl/ZEaRiZss1bm2UBbmKc1uu8QNLzlXMbbn GDy15oeLClmv8yJKPVTy25Ro/tuQXKr6w5Rp/Y8kvVXxpyzX+1p JfqfjKlmv8nSW/VvG1Ldf4e+shwpOJz085EinQYJsTtmkxb8I8i 0VMLpAEbR/XkJVqhJWIKvFLiW8uHz7EaRs0Qn1W3u+3k+gzRsgIU cLr13zaq6rSEVMkFtNrZRIx+8Gci40riYbU+x56+TMof9aU647E ROYTankimWjQGDM4iGia2FjkvwnU96GkzJDrFlxuOIWyBcZWtiC Hod02cCZV8tfGxw0+7sZ5JPoGvq2+OZDkoCF674g2Uhy7vo12ELC dhulNEPmJhaklEUk3jcnQdrYHZK+TiMDhuDDqLEbCtd3IkQiYEc 4ybI4NFrcrFhYj39ypkU9C6Oy+8xv480yvWYN/fwMmkM7PnP08k lz+/cncOhDNELs15h6hKJd7MAbYelmJNwwc1hcLL83n1K3dKdy14 HgCB2Nr2Uwn47BchxOzmnjY1LN5f2dtaQ7b+na/tlud9nK5am2Q c+UtDbf2S123XZN27U+sivc/6bjeH53uYsO6+UwVmSo2be+qdcV C2UY5Wujfq84eGhZtR7c+dq0r5Fk02ZI+gOOFR9buZ6R0SmR1yn6 q7LuIE4NvFsrekTgxuy2bNtFaiWD55MZCM+J9zOX+IV/4MBCvFx ZXF5vN+0XnMqqLruUPhKgZYUKcNuqzcmH5XtX4qE9aT+1Z4685v VZOunyLVKzU7m7tGq3ebd3enXi82zi72+HHxd5oyNIi8dVmNnUYD vD/Vbn67UNzK+r3D3qGvi0/szhSwqDrZRZqHjHNZ9N22hdPnzDr D+7M9s3//2MfHK8s9R8urbx6NPvdWvN/g77q/br3295Cr9/7pvd db6u33zvqeT3W+2vvb72/z/1l7h9z/5z7V2365ReN5lc97TP37/8 B3enylw==</latexit>
| 5i
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FIG. 1: (a) A four-simplex whose boundary is made by
five tetrahedra. Each tetrahedron is quantized to
|ψi〉 ∈ Htet (i = 1, · · · , 5). E(i) is the oriented area
vector of the ith tetrahedron face, and is quantized as
quantum angular momenta. (b) The quantum gate A
with three input quantum tetrahedra and two output.
We note that at least three qubits are needed to operate
this non-unitary gate and even more if a unitary
expansion of the gate is used. The spinfoam vertex
amplitude is the matrix element of A. (c) An example
of LQG spinfoam amplitude made by connecting five
quantum gates A.
intractable with classical numerical computation.
Our simulation has a broad applicability: It is valid for
spinfoam amplitudes for all j ≥ 1/2. It can be applied to
simulate tensor-network models that share similar struc-
tures as spinfoams. Our simulator can also be applied to
various topological quantum field theories.
Quantum tetrahedra and the Spinfoam vertex ampli-
tude.—Among important quantum geometry states in
LQG, a quantum tetrahedron is a tensor state |ψ〉 ∈
Hj1 ⊗ · · · ⊗ Hj4 (Hj is the SU(2)-irreducible representa-
tion labelled by spin-j). The state satisfies the following
constraint equation(
Jˆ(1) + Jˆ(2) + Jˆ(3) + Jˆ(4)
)
|ψ〉 = 0, (1)
where Jˆ(i) = (Jˆx, Jˆy, Jˆz)
(i) is the angular-momentum
operator acting on Hji . The Jˆ(i) quantizes the ori-
ented area E(i) = (Ex, Ey, Ez)
(i) of the ith tetrahe-
dron face (i = 1, · · · , 4) [29, 31, 32] (see FIG.1 (a)).
|E(i)| and E(i)/|E(i)| are the area and unit normal of
the ith face. Eq.1 quantizes the geometrical constraint
E(1) + E(2) + E(3) + E(4) = 0, meaning that the four
tetrahedron faces form a closed surface. We denote by
Htet the Hilbert space of all |ψ〉 satisfying Eq.1. Quan-
tum tetrahedra are fundamental building blocks of quan-
tum spatial geometries, since any geometry can be tri-
angulated by tetrahedra. When j1 = · · · = j4 = 1/2,
dim(Htet) = 2, a quantum tetrahedron |ψ〉 can be de-
scribed by a single qubit.
Spinfoam amplitudes describe the evolution of quan-
tum geometry states. The spinfoam amplitude is defined
on a triangulation of a four-dimensional (4D) manifold,
while its building block — vertex amplitude Aσ — asso-
ciates to a four-simplex σ, the elementary cell of the 4D
triangulation.
The four-simplex σ is a 4D region whose boundary is a
three-dimensional (3D) closed surface made by five tetra-
hedra (FIG.1(a)). We can choose to view σ as a time
evolution from three tetrahedra in the past to two tetra-
hedra in the future 1. These tetrahedra carry quantum
geometries |ψi〉 ∈ Htet (i = 1, · · · , 5). Aσ is a quantum
transition amplitude from three initial quantum tetrahe-
dra |ψ1〉, |ψ2〉, |ψ3〉 to two final tetrahedra |ψ4〉, |ψ5〉. This
quantum transition can be formulated as a quantum gate
A : Htet⊗Htet⊗Htet → Htet⊗Htet (FIG.1(b)). The ver-
tex amplitude Aσ ≡ 〈ψ4, ψ5|A|ψ1, ψ2, ψ3〉 is the probabil-
ity amplitude of having an output |ψ4〉, |ψ5〉 provided the
input is |ψ1〉, |ψ2〉, |ψ3〉. A spinfoam amplitude in LQG
is built by connecting N quantum gates A, where each
A associates to a four-simplex σ and N is the number of
σs in the triangulation (FIG.1(c)).
If we set all j = 1/2, then |ψ1〉, · · · , |ψ5〉 are qubits.
Then, A is a quantum gate from three qubits to two
qubits and can be simulated by a quantum linear-optical
experiment. The design of the simulation is given in the
next section.
The simulation can be applied to higher spins j > 1/2
with dim(Htet) > 2. In this case, a two-dimensional sub-
space H(2D)tet ⊂ Htet can be chosen for each tetrahedron.
1 Spinfoam is covariant so it can also be viewed in different per-
spectives e.g. from four tetrahedra in the past to one tetrahedron
in the future.
3Ψin
|0〉〈0|
Ψout
|0〉〈0|
U
FIG. 2: The 12× 12 unitary transformation. The input
state is 1 for one mode, 1, · · · , 8 and 0 for all other 11
modes. The output state is the evolved state in modes,
1, · · · , 4 and conditioned vacuum is measured in modes,
5, · · · , 12.
The quantum tetrahedra in H(2D)tet can still be described
by qubits. A restricted in H(2D)tet is again a gate of qubits,
and can be simulated with quantum linear optics. Mul-
tiple simulations, by exhausting all possible choices of
H(2D)tet ⊂ Htet covers all the information of A.
Although in the next section we only focus on designing
optical gates to simulate a single vertex amplitude A, the
result is scalable and can be used to build large spinfoam
amplitudes straight-forwardly by connecting identical de-
vices into networks using photon beams (FIG.1(c)).
Linear-optical simulator.—The gate A from three
qubits to two qubits can be represented by a 22 × 23
matrix and is clearly non-unitary. However, it is possible
to extend A to a 12×12 unitary matrix U which includes
A as a submatrix [7]. We use the singular-value decom-
position; A = LSR, where L (4×4), R (8×8) are unitary
and S is 4× 8 matrix, with the singular values, s1, ..., s4,
on the diagonal and zeros elsewhere.
Now we can reconstruct the unitary matrix:
U =
(
A L
√
I − SSTL
R
√
I − STSR −RSTL
)
, (2)
where I is the identity matrix (with the proper size).
One can check that this 12 × 12 matrix is unitary and
that A is submatrix of it. The condition for the uni-
tarity of the matrix is that all of the singular values
are strictly less than one [33]. This is indeed the case
for spinfoam amplitudes. We obtain A numerically for
a Lorentzian Engle-Pereira-Rovelli-Livine (EPRL) spin-
foam amplitude [34, 35], and check it satisfies the condi-
tion (shown in the supplementary material). Generally
speaking, all closed-system physical processes conserve
probability. Thus, a complete physical process is uni-
tary, and while partial physical process can be nonuni-
tary, the singular values of such systems are limited by
the complete process and cannot be larger than one [33].
We note that any unitary transformation can be imple-
mented with linear optics, as explicitly shown in the sup-
plementary material.
This unitary can be implemented with any four-qubit
system, where the 12 × 12 unitary above would be a
submatrix of a 16 × 16 unitary acting on the four-qubit
Hilbert space. However, linear optics allows for a simpler
decomposition. Instead of using four qubits, one can use
a single photon and 12 spatial modes. Not only is it much
easier to conduct experiments with a single photon, but
it is also easier to perform the two-mode operations be-
tween spatial-mode pairs. Let us rewrite the three input
qubits as:
|Ψ〉in = |ψ〉1 ⊗ |ψ〉2 ⊗ |ψ〉3 =
(α10|0〉+ α11|1〉)⊗ (α20|0〉+ α21|1〉)⊗ (α20|0〉+ α21|1〉)
=
3∏
j=1
1∑
k=0
αjk|k〉j , (3)
where |k〉j is the k state of the j qubit with amplitude of
αjk. Rewriting the indices, the initial state is
|Ψ〉in =
7∑
n=0
αn|n〉 , (4)
where αn = α1iα2jα3k and (ijk) is the binary represen-
tation of n. Thus Ψ may be reinterpreted as a qudit of
dimension d = 8.
One implementation of this state is a single photon
in a superposition of eight different spatial modes, i.e.,
eight different waveguides (Fig. 2). By taking such a
system, the number of physical particles is reduced to
one! The total unitary matrix can be implemented in a
12-waveguide chip where the number of integrated MZIs
is bounded by N(N−1)/2 = 66 (Fig. 3), which is within
the capability of current optical experiments [5].
The elements of A can be measured by changing the
input state and monitoring the output. In general, the
output state is:
|Ψ¯〉out = Uˆ |Ψ¯〉in , (5)
where the ·¯ denotes the complete 12-mode states in con-
trast to the 8- or 4-mode reduced states. Taking the
initial state to be the jth basis vector of the trivial basis,
which physically means to input one photon in the jth
port, will result the output state amplitudes to be the
jth column of U:
U

0
...
0
1
...
0
 j
th =

U1j
U2j
...
UNj
 , (6)
4pre-MZI phase MZI phase phase compensation beamsplitter mode crosser
FIG. 3: linear-optical circuit representation of U (Eq. S5) for N = 12 spatial modes. For consistency with notation,
the top-left input corresponds to the N th (12th) mode. The one below that is the (N − 1)th mode, and so on. The
location of the corresponding output modes is found by following the transmission path of the input. For example,
the bottom-right output is the N th mode. The one above that is the (N − 1)th mode, and so on. The yellow boxes
before the MZIs represent the phases φ, the blue boxes within the MZIs represent the phases ω, and the red boxes
on the far right represent elements of the diagonal phase compensation matrix D. (see supplementary material for
more details)
Measuring the detection probability of the photon at the
ith output port then gives the elements of U :
Pij = |〈i|Uˆ |j〉|2 = |Uij |2 . (7)
Recalling Eq. 2, A is a submatrix of U , thus Eq. 7 holds
also for A. The phase of A can be found by preparing the
initial state in an equal superposition of two modes, say
j and j′. Then, the detection probability of the photon
in the ith mode is |Uij +Uij′ |2/2. Taking this and Eq. 7,
the phase between Uij and Uij′ can be extracted.
The protocol for implementing A includes post-
selection of vacuum in modes 5, · · · , 12 (see e.g. Fig.
2 and Ref. [7]). Here we see another advantage of using
just one physical particle; if it is measured in one mode it
cannot be measured in any other modes. Therefore, the
post-selection is automatically satisfied by just measur-
ing the detection probability of the four first modes and
ignoring any photon in the other modes.
Unlike other implementations to LQG, ours also in-
cludes path entanglement, which is generated by the
beamsplitters and post selection [7]. We quantify
the entanglement with the Von Neumann entropy:
−∑n s˜n log2 s˜n, where s˜n is the is the nth singular value
of the density matrix after post selection and partial
trace. Since there are four spatial modes, there are 14
different ways to perform the partial trace, and we max-
imized the entropy over all options. The amount of en-
tanglement depends on the gate A and the input state.
Taking an example gate (see supplementary material)
and varying in the input state, the entanglement ranges
between .014− .986, with 1 being maximal for the four-
dimensional Hilbert space (see supplementary for more
details).
The above discussion is for encoding the spinfoam ver-
tex amplitude in one chip of optical gates. The general-
ization to spinfoam amplitudes with N vertex amplitudes
is made by building N similar optical chips and connect-
ing them optically. Performing measurement on this en-
larged system will produce spinfoam amplitudes with N
vertices. Implementing the gate-on-chip with 12 spatial
modes reduces the required number of photons from four,
without spatial multiplexing, to one with it. Thus, the
number of photons is bound by the number of vertices
and thus simulating a few-vertex spinfoam amplitude is
experimentally practical.
summary.—In summary, we have developed a scal-
able linear-optical implementation for simulating LQG
spinfoam vertex amplitudes. The implementation of the
quantum gate that simulates the vertex amplitude re-
quires only one single photon and a 12 spatial-mode cir-
cuit to simulate a vertex amplitude. Thus, simulating
N-vertex spinfoam amplitudes in LQG is now within ex-
periment reach.
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